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The 3 - 0  flow field relative to a rotating Rushton turbine blade is acquired for  
fully turbulent tank conditions by synchronizing LDA measurements with the output 
of a shaft-mounted encoder. This makes it possible to capture the impeller stream 
velocity field, including the details of the vortices behind the blades. Mean velocity 
data at three impeller speeds show the extent of periodicity and the axes and structure 
of the vortices. Pumping capacities are determined and it is shown that the radial 
jet is a consequence of fluid entrainment into the vortices. Deformation rates based 
on gradients of mean velocity are calculated. Close to the blade they can exceed 
impeller rotational frequency by as much as two orders of magnitude. To a first 
approximation, the normalized mean flow field is independent of impeller speed. 

Introduction 
The development of accurate turbulent mixing and scaleup 

models for stirred-tank reactors has been limited by a lack of 
understanding of the three-dimensional turbulent velocity 
characteristics in such vessels. This is particularly true for the 
discharge flow of the impeller, characterized by periodic ve- 
locity fluctuations, high three dimensionality, and the existence 
of well defined vortical structures. Because the complexity of 
this flow field makes theoretical work extremely difficult, most 
related studies have been experimental. The studies of flows 
generated by disc turbines were reviewed excellently by Ranade 
and Joshi (1990). 

The dominant features of the flow field near a Rushton 
turbine depend on the perspective or frame of reference from 
which it is viewed. Figure l a  represents the customary way in 
which the flow field is measured: a stationary measurement 
probe and rotating impeller with measurements taken relative 
to a fixed set of coordinates. This will be termed a fixed frame 
of reference. Measurements taken from this perspective show 
a periodic component (see Figure lb), termed pseudo-turbu- 
lence by van’t Riet et al. (1976), superimposed upon the back- 
ground turbulence with a frequency of periodicity 
corresponding to the passage of successive impeller blades. 
The resultant energy spectra likewise show a peak at this same 
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frequency (Mujumdar et al., 1970; Rao and Brodkey, 1972; 
Gunkel and Weber, 1975). Researchers have employed various 
mathematical as well as experimental means to remove or cor- 
rect for this pseudo-turbulence in their measurements. Rao 
and Brodkey (1972) graphically separated the periodic contri- 
butions from their autocorrelations. Wu and Patterson (1989) 
performed a similar subtraction of the periodic contributions 
from the autocorrelation function by representing the peri- 
odicity as a two-term Fourier series where the two terms rep- 
resent the blade passage frequency and the first higher-order 
harmonic. 

A second frame of reference may be defined, one which 
rotates with the impeller and is relative to the impeller blade 
(Figure 2a). Measurements taken in a rotating frame of ref- 
erence reveal a very different flow field near the impeller than 
those taken in a fixed frame. The periodicity of measurements 
taken in the fixed frame now corresponds to the acceleration 
and deceleration of the fluid as it passes over successive blades. 
Furthermore, well-defined fluid structures emerge in the form 
of trailing vortices, as shown in Figure 2b. Some experimental 
measurements have been made in this rotating frame of ref- 
erence. Van’t Riet and Smith (1973, 1975) mounted a camera 
on a turntable below the stirrer. By rotating this turntable at 
the impeller rate, pictures of tracer particles were taken relative 
to the spinning impeller. Concentrating on the trailing vortices, 
they measured the position of the vortex axis, angular and 
circumferential mean velocities within the vortices, and the 
pressure distribution. 
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Figure 1. Fixed frame of reference. 
(a) Fixed probe; (b) velocity trace. 

Gunkel and Weber (1975) mounted a hot wire directly on 
the rotating impeller and measured mean and fluctuating ve- 
locities and pumping capacities. However, their reported 
pumping capacities are 20% higher than those reported by 
other authors. This may be due to their larger impeller to tank 
diameter ratio, the presence of the probe, or the use of air, 
rather than a liquid as the working fluid. Yianneskis et al. 
(1987) synchronized their laser-Doppler anemometer (LDA) 
measurements with a predesignated stirrer shaft angle through 
the use of a shaft encoder. In this way they could contrast the 
measured flow fields obtained from the fixed and rotating 
frames of reference. By ensemble-averaging their velocity 
measurements with shaft angle they found that the trailing 
vortices maintained their identity for up to 20" displacement 
from the blade. In a previous article outlining their velocity 
measurement technique, however, Melling and Whitelaw (1976) 
acknowledged that considerable errors can arise in at least one 
component of mean velocity using their approach in which 
sampling was performed at three different orientations of the 
optical axis to acquire all three components of velocity. 

The objectives of this study were to elucidate the impeller 
stream flow field and trailing vortex system for a Rushton 
turbine in water in a frame of reference rotating with the 
impeller. A two-component LDA, in conjunction with an op- 
tical shaft encoder, was used to measure three components of 
angularly-correlated mean and rms velocities. These measure- 
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Figure 2. Rotating frame of reference. 
(a) Probe rotating with impeller; (b) trailing vortices behind tur- 
bine blade (after van't Riet and Smith (1975)). 

ments were performed at three impeller rotation rates. Mean 
velocities relative to the blade are presented in the form of 
vector plots and the shape and axis of the trailing vortices are 
calculated. The spatial extent of periodicity within the vessel 
and the pumping capacity of the impeller are discussed, as well 
as deformation rates due to mean velocity gradients within the 
impeller stream. The data set provides a detailed physical pic- 
ture of impeller stream hydrodynamics, impeller boundary 
conditions, and a basis for validation of computational fluid 
dynamics codes. 

Experimental Technique 
Measurements were obtained in a cylindrical tank of plex- 

iglas construction with an. inside diameter T = 29.9 cm and 
wall thickness of 0.64 cm. The tank included four equally 
spaced baffles of width T/lO. The tank was filled with deion- 
ized water to a height T. To minimize noise in the LDA signals, 
the water was passed through a 0.2-pm filter and then seeded 
with 5-pm polystyrene particles supplied by Duke Scientific, 
Inc. To minimize optical distortion of the laser beams due to 
index of refraction mismatch, the cylindrical vessel was placed 
within a larger, water-filled Plexiglas box. The tank and turbine 
systems used are shown in Figure 3. The impeller was a standard 
Rushton turbine with D = T/3. Table 1 gives the various 
dimensions of the impeller used in this study. Importantly, the 
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Figure 3. Stirred tank and Rushton turbine. 

impeller has a relatively large hub and neither the hub nor the 
stirrer shaft protrudes from the bottom of the turbine disc. 
The turbine was located with a clearance of T/2  from the 
bottom of the vessel. The impeller was driven by a variable 
speed electric motor. The entire tank and motor assembly was 
mounted on a single-axis traversing platform. 

The LDA employed in this study was developed by Dantec 
Electronics and operated in the backscatter mode. The system 
consists of a 5-W Spectra-Physics argon-ion laser, two-color 
55X modular optics, two counter processors, and two fre- 
quency shifters. The front focusing lens had a focal length of 
31 cm and produced a beam intersection angle of 9.92". Ad- 
ditional equipment included a fully automated two-axis trav- 
ersing system, buffer interface, and a signal coincidence filter. 
The use of the LDA traversing system in conjunction with the 
vessel traversing platform allowed positioning of the meas- 
urement location anywhere within the vessel. Data collected 
by the LDA were transferred in real time via Dantec supplied 
software to a Digital Equipment Corporation PDP 11/73 com- 
puter equipped with a 33 megabyte hard disc. The computer 
also controlled certain LDA settings and the two-directional 
traversing system. Both frequency shifters were set at 0.4 MHz. 
The low pass filter settings were 1 MHz and the high pass filter 
settings were 0.016 MHz. These settings allowed the measure- 
ment of velocities in the range of + 5 to - 4 m/s. The exper- 
imental vessel, LDA optics, and electronics were contained in 
an air conditioned and dehumidified room at 20°C. 

Table 1. Rushton Turbine Impeller Dimensions 

Impeller diameter = 10.1 cm Disc diameter = 6.2 cm 
Disc thickness = 0.32 cm 

Hub diameter = 2.5 cm 
Hub height = 1.7 cm 

Blade length = 2.5 crn 
Blade width = 2.0 cm 

Blade thickness = 0.32 cm 

Using a shaft mounted encoder to monitor the Rushton 
turbine angular position, rotating frame measurements were 
acquired. Once per revolution the signal from the optical en- 
coder triggers a dual timing board (DTB) in the LDA elec- 
tronics to reset. The DTB measures the time between resets as 
well as the time at which each velocity realization is obtained. 
These are used to calculate the location of each stirrer blade 
relative to the fixed sampling location for each data point so 
that in the data file each instantaneous velocity is assigned an 
angular position relative to a reference blade. Sampling is 
continued until sufficient data is acquired at each azimuthal 
position to obtain statistically meaningful averages. In order 
to facilitate real-time transfer of data from the LDA to the 
PDP-11 computer the data were transferred in binary format. 
Once sampling was completed, FORTRAN software written 
by the authors was used to convert the data to ASCII format 
and to ensemble-average the data into 1 ' bins. To obtain the 
flow field relative to the rotating blade (rotating frame of 
reference), the blade tip speed was subtracted from the ensem- 
ble-averaged mean tangential velocities. It is not necessary to 
subtract the blade tip speed from the ensemble-averaged mean 
radial and axial velocities. The data were then transferred 
electronically to a workstation where software again written 
by the authors was used for the data analyses and to generate 
PostScript print files of vector and contour plots. Additional 
details as well as sample outputs of the raw data are given by 
Calabrese and Stoots (1989) and Stoots (1989). 

Measurements made at each point in the tank yield rotating 
frame ensemble averages for 360 azimuthal positions. Prelim- 
inary results showed that complete symmetry existed for each 
of the six blades so that data for the same angular positions 
behind each blade could be combined to yield 60 bins of 1" 
width to describe the velocity field from one blade to the next. 
Furthermore, a minimum of 750 velocity realizations per an- 
gular bin per sampling location were needed to insure statis- 
tically steady values of the mean and root mean square turbulent 
velocities . 

An advantage to this particular measurement technique lies 
in the fact that since the blades rotate past the sampling volume, 
it is only necessary to traverse a single r-z plane in the tank to 
obtain the structure of the trailing vortex system. This plane 
is located azimuthally halfway between the baffles (that is, 45" 
away from the baffles). The r and 0 components of velocity 
were obtained by passing the beams in through the bottom of 
the tank. The z component was acquired through the side wall 
in the plane of the shaft. 

Furthermore, ensemble averaging the data into angular bins 
diminishes the issue of velocity biasing. Since the burst type 
LDA is a discrete type of measurement device rather than a 
continuous type such as hot wire anemometry, it can be sus- 
ceptible to velocity biasing in flows with large velocity varia- 
tions. This is due to the greater flux of high vs. low velocity 
particles through the sampling volume. Researchers have de- 
veloped various mathematical methods to attempt to eliminate 
this biasing, but it is unclear if any one method is necessarily 
better than another, or whether it may introduce some new 
bias in the measurement. In this work it was felt that no bias 
correction was necessary, since by phase ensemble averaging 
the data the disparity is greatly reduced between maximum 
and minimum velocities for a given bin. 

Measurements were made at three impeller rotation rates: 
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Table 2. Experimental Operating Conditions 

N=2.33 rps N=3.00 rps N=3.67 rps 

Tip Speed, VTIP, 0.74 0.95 1.16 

Reynolds No., 29,200 37,500 45,800 

Dissipation Rate, 0.03 1 0.065 0.119 

V N * / C T ~ N K  x lo4 1.74 1.38 1.13 

m/s 

Re 

€TANK, m2/s3 

2.33 rps, 3.00 rps, and 3.67 rps. Table 2 presents the corre- 
sponding tip speeds, tip Reynolds numbers, and average energy 
dissipation rates. The average energy dissipation rate through- 
out the tank is simply the power draw per unit mass and 
estimated using a power number N p  = P/(pN3D5)  = 5.0 (Bu- 
jalski et al., 1987). 

The grid of measurement locations for the central impeller 
rotation rate of 3.00 rps is given in Figure 4a. A very dense 
grid was used to capture the details of the lower vortex formed 
by the bottom half of the blade both as it wraps around the 
blade (clinging vortex) and trails behind it (trailing vortex). It 
was not possible to get closer to the impeller center due to 
reflections off the impeller hub, disc, and shaft. The sampling 
grid for the other two impeller speeds is given in Figure 4b. 
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Figure 4. LDA sampling grid. 
(a) N =  3.00 rps; (b) N =  2.33 and 3.67 rps. 

Only the coarse grid outwards from the blade edge was con- 
sidered since these data were acquired for comparison with the 
N = 3.00 rps results. 

Results and Discussion 
Figure 4a reveals that measurements were made at 321 grid 

points for N = 3.00 rps. Since each grid point corresponds to 
60 angular bins, velocity data were acquired at 19,260 spatial 
locations within the impeller stream. For each of the other 
impeller speeds (Figure 4b), measurements were made at 7,920 
spatial locations. While such dense sampling allows capture 
of vortex details, data management and display becomes a 
formidable task. Vector and contour plots are presented below 
to succinctly convey information. However, it is only possible 
to present a small fraction of the graphical results here. There- 
fore, graphs which show the most important details are pre- 
sented followed by summaries of the entire data set. Most are 
for N = 3.00 rps. A comprehensive set of graphical results at 
all three impeller speeds and additional discussion is given by 
Stoots (1989). Furthermore, two frames of reference have been 
defined for viewing the data. For purposes of clarity in the 
ensuing discussion, the symbol V will represent velocities pre- 
sented in a fixed frame of reference (relative to laboratory 
coordinates), whereas the symbol U will represent velocities 
measured in a rotating frame of reference (relative to an im- 
peller blade). 

Extent of periodicity 
Typical mean radial, tangential, and axial velocities nor- 

malized with tip speed for the impeller stream are given as a 
function of angular position behind the blade in Figures 5 and 
6 .  In these figures, 0” corresponds to the center of the leading 
blade, and 60” corresponds to the center of the next successive 
impeller blade. Each curve in these figures shows the periodic 
variation of mean velocity with azimuthal position for a spe- 
cific grid point (r ,  z location). For any given curve, the term 
“peak velocity” refers to the maximum amplitude. The axial 
coordinate is nondimensionalized by the blade half width and 
the radial coordinate by the impeller radius. The reported 
velocities are absolute velocities relative to fixed coordinates; 
that is, V,,, has not been subtracted from the tangential ve- 
locity. The highest peak mean velocities measured in this study 
and their locations are tabulated in Table 3. Note that tan- 
gential velocities can exceed the blade tip speed, as shown in 
Figure 5 and Table 3, due to acceleration over the blade. 
Furthermore, the peak velocities are convected radially and 
azimuthally away from the blade by the mean flow. However, 
the most obvious feature of these figures is the periodicity or 
angular dependence of the flow field. Based on these and the 
more comprehensive data set reported by Stoots (1989), it can 
be concluded that the mean velocities display strong periodicity 
both within the impeller blades (r* < 1) and in the discharge 
stream. The radial and tangential components display their 
strongest periodicity along the center plane, z* = 0. The axial 
mean velocity is nonperiodic at the center plane while exhibiting 
strong periodicity within the vortices. The extent of periodicity 
in the radial direction is from r* = 0 to 1.7 and is controlled 
equally by the radial and tangential components of mean ve- 
locity. In the axial direction, periodicity is controlled by the 
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Figure 5. Azimuthal variation of normalized mean ve- 
locity at the disc centerplane (z* = 0.0) for 
various radial positions at N = 3.00 rps. 
(a) Mean radial velocity; (b) mean tangential velocity. 

mean axial velocity and the extent of periodicity is from z* = 
0 to jz2.1. 

Results for the other impeller speeds considered are similar 
in that the mean velocities display strong angular dependence 
or periodicity, tangential velocities can exceed the blade tip 
speed, and peak velocities are convected radially and azimu- 
thally away by the mean flow. Furthermore, the spatial extent 
of periodicity in the flow was found to be the same for the 
three impeller rotation rates of this study and hence inde- 
pendent of impeller speed. However, some differences were 
noted. The peak radial mean velocities exhibited complex var- 
iations as tip speed was changed. Peaks of mean radial velocity 
did not exactly scale with tip speed but increased more slowly 

Mean Axial Velocity 1 0.5 T 
0.3 

v, O 1  
~ 

-0.1 
VTE 

-0.3 

I -0.5 1 Angle 

Figure 6. Azimuthal variation of normalized mean axial 
velocity at z* = -0.5 for various radial po- 
sitions at N = 3.00 rps. 

Table 3. Location and Value of Measured Peak Mean Veloc- 
ities for N = 3.00 

Velocity 
Radial Tangential Axial 

Peak p l u e  0.87 V,,, 1.43 VT,, 0.60 VTlp 
r 1.01 0.87 0.19 
8 22" 10" 13" 
Z* 0.0 0.0 - 0.48 

than impeller speed. Measured values were 0.91 VTlp, 0.87 VTIp, 
0.70 V,,, for N = 2.33, 3.00, and 3.67 rps, respectively. Also, 
the peaks of radial mean velocity were convected to larger 
angular distances with increasing impeller speed (0 = 15', 22", 
and 25", respectively). Finally, unlike the two other impeller 
speeds, the axial distribution of mean radial velocity for N = 
3.67 was not symmetric about the center plane. For N = 3.67, 
the mean radial velocities tended to be stronger above the center 
plane than below it. The fixed frame radial mean velocity data 
acquired by Dyster et al. (1993) for turbulent flow conditions 
also displayed a small systematic variation with impeller speed. 

Compared to the radial velocity, the behavior of the mean 
tangential and axial velocities is less complex. Mean tangential 
velocities scaled with tip speed whereas the mean axial velocities 
increased more slowly than impeller speed. It is not possible 
to compare absolute maximums since the maximums for tan- 
gential and axial velocities at N = 3.00 rps were measured at 
locations not sampled at N = 2.33 and 3.67 rps. 

Mean velocity field 
Vector plot renderings of the mean flow field relative to the 

blade (that is, V,,, is subtracted from the angularly correlated 

Figure 7. Mean velocity vector plot in disc centerplane 
( r -  e plane at z* = 0.0). 
Reference arrow has length equal to V,,,; direction of rotation 
is clockwise. 
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Figure 8. Mean velocity vector plots in 0-2 plane for N 
= 3.00 rps. 

Reference arrow has length VTIp; direction of rotation is from 
right to left. (a) Plane at r* = 0.75; (b) plane at blade edge (r* 
= 1.0). 

azimuthal velocity) are presented in Figures 7 through 9 for 
N = 3.00 rps. Each vector plot depicts one of three possible 
orthogonal planes. Figure 7 represents a r-0 plane or plane of 
constant z * ,  and Figure 8 constitutes 19-z planes or planes of 
constant r*.  The exact location of each plane can be determined 
from Figure 4. Figure 9 gives r-z planes or planes of constant 
0. Although the ensemble averaging of quantities was only 
done over 60° ,  about 90" of data are presented in Figures 7 
and 8. The first 30" of data is repeated for the region 60" to 
90" to better visualize the characteristics of the flow field as 
it passes around the blade. In Figure 7, the blade may be 
thought of as rotating clockwise, and in Figure 8 the blade is 
moving from right to left. Finally, the impeller is drawn to 
scale in the flow field and the reference arrow has magnitude 
V,,,. It should be noted that Figures 8a and 8b are drawn to 
the same scale. The plane of Figure 8b is greater in width than 
that of Figure 8a, being at a greater radial distance from the 
origin. The plane of Figure 8a passes through the blades. Ve- 
locity vectors directly below the blades are not shown since 
the r and I9 components could not be acquired through the 
tank bottom due to  laser beam reflections off the blades. In 
the discussion that follows, that portion of the vortex which 
wraps around the blade will be referred to  as the clinging 
vortex, while that which is away from the blade is termed the 
trailing vortex (Figure 2b). 

Figure 7 displays mean velocities in the impeller disc or center 
plane where the two vortices meet. It includes the region where 
the strongest mean tangential velocities were recorded. The 
strong recirculation zone caused by the clinging vortices behind 
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Figure 9. Mean velocity vector plots in r-z plane for N 
= 3.00 rps. 

Reference arrow has length V,,,; direction of rotation is into page 
away from viewer. Arrows are behind the blade at (a) 10'; (b) 
20"; (c) 30". 

the impeller blade is responsible for the tangential velocities 
exceeding the blade velocity in this region. The axis of the 
clinging vortex first parallels the horizontal blade edge at r* 
= 0.75 (Figure 8a) where the vortex extends to  about 7"  behind 
the blade edge. The vortex diameter grows as one moves ra- 
dially outwards, extending to about 15" by the outer blade 
edge (Figure 8b). Figure 9 depicts the mean trailing vortex flow 
field for various angular positions behind the turbine blade. 
Several observations may be made. For angular displacements 
of 20" and more behind the leading blade the trailing vortex 
no longer exhibits a complete circulation loop. This agrees well 
with Yianneskis et al. (1987) who reported vortical structures 
for displacements up to 20". Another observation is that the 
trailing vortex maintains its identity to  about a 30" lag or 2 
blade widths beyond the outer blade tip. Here the mean radial 
velocities are largest and the angularly resolved pumping ca- 
pacity displays a maximum. The characteristic radial jet of the 
Rushton turbine is a consequence of fluid entrainment into 
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Figure 10. Mean axis of lower vortex. 
(a) r-8 plane; direction of rotation is clockwise; (b) 8-2 plane; 
direction of rotation is from right to left. 

the vortex and follows the vortex axis. Due to this, the radial 
jet actually lags behind the blade. Fixed frame results may 
mislead some to believe that it is pushed out in front of the 
blade. 

Figure 9 shows that the coarse grid of Figure 4 is insufficient 
to resolve the details of the vortex structure. Therefore, a direct 
comparison of the upper and lower vortices at N = 3.00 rps 
or a comparison of results with those for the other two impeller 
speeds is difficult. However, to a first approximation, the 
general features of the mean flow field are the same for the 
range of impeller speeds studied. This is the case despite the 
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Figure 11. Radial variation of pumping number. 
Comparison of results of this study at N = 3.00 rps with those 
of other studies. 

detailed differences discussed above. The following conclu- 
sions are therefore independent of impeller speed. 

Remains of the mean vortex structure can be detected to 
about 5 5 " .  The diameter of the trailing vortex does not grow 
substantially from the outer blade edge to where it breaks 
down. At 30" behind the blade its diameter is slightly less than 
one blade width. A comparison of the hub side and open side 
(upper and lower) vortices showed that the hub side vortex 
was less structured. Peak mean velocities are stronger for the 
hub side but of a smaller spatial extent. This may be due to 
the presence of the hub and possibly the free surface. Pumping 
capacities above and below the center plane are about the same. 

The mean axis of the lower vortex was determined by locating 
its center of rotation from the mean velocity data and then 
smoothing the positions through use of a cubic spline ap- 
proximation (Gerald, 1978). A comparison of the vortex axis 
in the r-8 plane, calculated in this work for N = 3.00  rps with 
those of Yianneskis et al. (1987) and van? Riet et al. (1975), 
is presented in Figure 10a. Differences in the particular ex- 
periments may explain discrepancies in the vortex axes. Van't 
Riet et al. utilized larger (0.5 mm dia) polystyrene particles to 
visualize the flow field, thus possibly introducing some inertial 
effects. The impeller utilized by Yianneskis et al. contained a 
hub on both the top and bottom of the disc and was located 
with a clearance of T/3 from the bottom. The impeller used 
in this work contained a considerably larger hub, but only on 
the upper surface of the disc. These hub differences may ex- 
plain why Yianneskis et al. (1987) found symmetry of mean 
velocity relative to the disc plane and why our upper vortex 
was less structured. The axis of the lower vortex at N = 3.00 
rps in the 0-z plane is shown in Figure lob. The axis was found 
to be 8" to 10" below the horizontal. For the other two impeller 
speeds of this study, the vortex axes were virtually the same 
as those for N = 3.00 rps. While our vortex axis is different 
than that of van't Riet et al. (1975), the conclusion remains 
that for fully turbulent flow the axis is independent of impeller 
speed. 

Impeller pumping capacity 
Profiles of pumping capacity in the form of pumping number 

(Q/ND3) as a function of radial position are displayed in Figure 
11 for this work at N = 3.00 rps and for other studies. For 
this work the pumping capacity, which is a fixed frame quan- 
tity, was obtained by integrating azimuthally to obtain fixed 
frame mean radial velocities and then vertically over the radial 
jet: 

* 
60" 

Q=6 lz * dz. lo Ur(r,0,z)rd8 (1) 
- 2  

Ur(r, 0, z )  is the angularly correlated radial component of 
velocity. The factor 6 appears since the azimuthal integration 
is only carried out between two blades (0" 5 0 < 60"). As 
discussed above, using angularly resolved data for the calcu- 
lation diminishes the issue of velocity biasing and leads to more 
accurate values for pumping capacity. The integration was 
carried out for two sets of axial limits (z* = f 1.0 and z* = 
f 2.6) and at several radial distances outward from the blade 
edge. The first set of limits corresponds to integrating across 
the blade width. The justification for the second set of inte- 
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gration limits is that the region of positive mean radial velocity 
extends across the entire span of axial grid locations used in 
this study. Hence, to encompass this entire radial jet the limits 
of integration need to extend across the entire grid. 

The pumping numbers of this study are in reasonable agree- 
ment with those of other workers for fully turbulent conditions. 
The higher values reported by Gunkel and Weber (1975) have 
been discussed above. The lower values of Wu and Patterson 
(1987) may be attributable to their impeller clearance of T/3. 
Dyster et al. (1993) and Cooper and Wolf (1968) reported 
pumping numbers at the outer blade edge (r* = 1) of 0.78 
and 0.8, respectively. The results for the two sets of axial limits 
used in this study diverge with increasing radial position, due 
to the entrainment of fluid into the radial jet as it moves radially 
outward from the blade, thereby increasing the radial jet flow 
rate. While the data presented in Figure 11 are for N = 3.00 
rps, the pumping number was also calculated as a function of 
radial position for the other two impeller speeds of this study. 
Comparison revealed less than a 10% variation in pumping 
number with impeller speed but no predictable trends. Further 
discussion may be found in Stoots (1989). 

Deformation rates 
The stress acting on a fluid element can be related to the 

finite components of the rate of deformation tensor A which 
are written in terms of mean velocities and for cylindrical 
coordinates in Table 4. In simple flows the terms in Table 4 
may reduce to a single finite velocity gradient. In the impeller 
stream all of the components of A are finite so that inspection 
of individual mean velocity gradients is cumbersome and does 
not provide an adequate picture of the deformation field. In 
a turbulent flow it is not possible to measure instantaneous 
deformation rates via LDA so that neither the mean defor- 
mation rate or a direct measure of the energy dissipation rate 
can be obtained. Nevertheless, it is useful to consider gradients 
of mean velocity, or in a complex flow, some measure of the 
magnitude of the mean velocity gradients which represents 
deformation. Such a measure can be obtained by taking the 
scalar product of the deformation rate tensor in terms of mean 
velocities (Table 4) with itself. The resulting deformation rate 
is: 

Again it is noted that f, is not the mean deformation rate but 
rather a measure of the magnitude of the deformation rate 
due to mean velocity gradients in the flow field. It provides a 
measure of the variations in mean velocity in the system and 
elucidates regions of intense mean velocity changes and tur- 
bulence energy production. A practitioner may refer to it as 
a measure of total mean shear or the magnitude of the mean 
velocity gradients. 

S may be nondimensionalized with the impeller speed to 
yield: 

(3) 

A cubic spline approximation (Gerald, 1978) was employed to 
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Table 4. Components of the Rate of Deformation Tensor A 
in Cylindrical Coordinates 

~ 

A,+=&=r- - +-- 
ar r r 89 

calculate each of the gradients of mean velocity depicted in 
Table 4. 

Contours of deformation rate in the r-8 plane are given in 
Figure 12 for N = 3.00 rps. Figure 12a corresponds to a 
horizontal plane which approximately passes through the cen- 
ter of the bottom vortex. The regions of highest deformation 

a,) z* = -0.5 

b.) z* = -1.3 

Figure 12. Normalized deformation rate contour plots 
in the r-0 plane for N = 3.00 rps. 
Direction of rotation is clockwise. (a) Within the bottom vortex 
at z* = - 0.5; (b) below the bottom blade edge at z* = - 1.3 
where contours between the blades are not shown for clarity. 
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are in the clinging vortex and along the blade edges. Typical 
values of deformation rate for the clinging vortex are 60 to 
200 times the impeller rotation speed. On the blade edges, s * 
= 150 is a typical value. Wichterle et al. (1984) found that for 
water, shear rates on the front of the blades were as high as 
1,200 times the impeller speed. However, their electrochemical 
technique allowed them to measure shear rates directly on the 
blade surface and not a small distance away. Figure 12a further 
reveals that deformation rates are weaker for the trailing (vs. 
clinging) vortex but that contours generally follow the vortex 
axis. Both the upper and lower trailing vortices and breakdown 
regions are characterized by 20 < 6 *  < 60. 

Figure 12b indicates that there is a narrow region z* = - 1.3 
and r* = 1.1 where deformation rates are moderately strong 
(10 < s *  < 50), vary rapidly with radial distance and are 
independent of angular position. The reason for this can be 
seen by reference to Figures 8b and 9. Below this region the 
fluid is moving upward into the vortex, but the blade is rapidly 
moving away from it in a tangential sense. In this region the 
fluid feels the presence of the blade as it is accelerated tan- 
gentially to move with the blade. Since this region has well 
defined mean velocity gradients and is away from the impeller 
swept volume, it may be a good location to introduce a feed 
stream if rapid mixing is required. 

Figure 13 presents the deformation field at N = 3.00 rps in 
the 0-z plane at the outer blade edge. It was only possible to 
calculate deformation rates below the disc center plane and 
for this impeller speed, because data at grid points interior to 
the blade edges were needed to obtain realistic values of 6 * in 
this grid plane (see Figure 4). The results corroborate the dis- 
cussions associated with Figures 12a and 12b. At this radial 
position the region of highly organized angularly independent 
mean velocity gradients is more extensive and deformation 
rates are much higher. The narrow region of strong defor- 
mation actually extends from about r* = 0.8 to r* = 1.2. 

Figure 14 presents the deformation field in the r-z plane at 
15” behind the blade for the three impeller speeds of this study. 
A comparison of Figures 14a and 14c shows that normalized 
deformation rates are almost independent of impeller speed 
and are similar above and below the impeller disc plane. The 
results at 2.33 rps show some lack of symmetry that does not 
exist at 3.67 rps. Therefore, there is a weak dependence of 
6 *  on impeller speed. Some differences in normalized mean 
velocities at the different impeller speeds were discussed above. 
Therefore, it is not surprising that differentiated data would 
also show some differences. 

Figure 14b gives deformation rates at 3.00 rps for the region 
of the fine grid of Figure 4a. At first glance, these results 
appear to be somewhat different than those of Figures 4a and 
4c, but this is actually not the case. The contours are not as 
“smooth” due to the finer grid but show the same general 
trends radially outward from the blade. The discrepancies be- 
low the outer blade tip are due to the behavior of the cubic 
spline algorithm at the grid edges. Since velocity data were not 
available for r* < 1, the derivative of the estimated variable 
(in this case velocity gradient) was set to zero for r* < 1 and 
z* < - 1 so that $ *  was forced to become independent of r* 
close to the upper and lower blade tips. This was not necessary 
for N = 3.00 rps so the region of 6 *  = 5 was continuously 
extended below the blade. Figure 14b shows that on the plane 
of the vertical blade edge, the deformation rate remains sig- 
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Figure 13. Normalized deformation rates below the disc 
centerplane at the outer blade edge (r* = 1.0) 
for N = 3.00 rps. 
Direction of rotation is from right to left. 

I 

a,) N = 2.33 rps 

r--- ---1 

b.) N = 3.00 rps 

i 
c.) N = 3.67 rps 

Figure 14. Normalized deformation rate contour plots 
in the r-z plane at 1 5 O  behind the blade vs. 
impeller speed. 
Direction of rotation is into the page away from the viewer. 
Comparison of results at (a) 2.33 rps; (b) 3.00 rps; (c )  3.67 rps. 

Vol. 41, No. 1 9 



nificant even below the bottom edge of the lower vortex. De- 
formation rates on the inner side of the vortex are not 
substantially different than those on the outer side. 

Energy dissipation due to mean velocity gradients 

tion rate per unit mass is given by: 
For an incompressible Newtonian fluid the energy dissipa- 

(4) 
1 1 
P 2 vu=- v ~ : ~ = ~ 8 2 .  

Therefore, the deformation rate data can be used to estimate 
the energy dissipation rate due solely to mean velocity gra- 
dients. In a turbulent flow, energy dissipation is due to in- 
stantaneous velocity gradients, which are expected to be much 
larger in magnitude than the mean gradients. However, it is 
useful to see what magnitude of dissipation rate can be obtained 
by considering only the deformation field due to mean velocity 
gradients. can be normalized by the mean energy dissipation 
rate for the tank (given in Table 2) so that Eq. 4 yields: 

€TANK €TANK 

Values of vN2/cTAN, are given in Table 2. Equation 5 shows 
that c: is not independent of impeller speed. However, since 
6 * is approximately independent of impeller speed, e: can be 
estimated using the contour plots of Figures 12 to 14 or the 
more extensive graphical tabulations of Stoots (1989). Cal- 
culations at N = 3.00 rps show that on the outer edges of the 
clinging vortex, along the blade edge and in the narrow region 
near Z* = - 1.3 and 0.8 < r* < 1.2, can range from 3 to 
10. That is, if the turbulent nature of the flow field were not 
considered, there are still isolated regions of the flow field 
where the local dissipation based on deformation rates due to 
mean velocity gradients exceed the tank power draw per unit 
mass by as much as an order of magnitude. Based on fixed 
frame velocity data, Wu and Patterson (1989) estimated that 
maximum turbulent energy dissipation rates in the trailing 
vortices were about 20 times greater than €TANK. 

Summary and Conclusions 
While certain aspects of the normalized velocity and defor- 

mation rate fields vary with impeller speed, the essential details 
are independent of N over the range of conditions studied. 
The extent of periodicity extends to r* = 1.7 and z* = +2.1. 
There is some lack of symmetry in the mean velocity above 
vs. below the disc centerplane, possibly due to the presence of 
the relatively large hub on the top side of the impeller. The 
diameter of the clinging vortex grows as it moves outward 
from the blade. The trailing vortex is about one blade width 
in diameter and extends to about 30” behind the blade. Rem- 
nants of mean velocity structure extend to about 5 5 ” .  The 
radial jet lags the blades and is a result of entrainment of fluid 
into the vortices. 

Deformation rates based on gradients of the mean velocity 
can exceed the impeller rotational frequency by as much as 
two orders of magnitude close to blade edges and in a narrow 
region from r* = 0.8 to 1.2 just beyond and away from the 
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outer vertical blade edge. In this region deformation rates are 
independent of angular position. While the mean velocity field 
is somewhat lacking in vertical symmetry, the deformation field 
is more nearly symmetric. Near the blade edges, energy dis- 
sipation rates calculated solely from mean velocity gradients 
can exceed the tank power draw per unit mass by up to an 
order of magnitude. 

While measuring the mean velocity field on a relatively dense 
grid as done here yields important physical insights into im- 
peller stream hydrodynamics, it does not provide the entire 
picture. The vortices create the intense turbulent field essential 
to mixing processes. Measurements of the turbulence char- 
acteristics of the flow field relative to the rotating blade are 
free of pseudoturbulence due to flow field periodicity, and 
therefore provide key information to a complete understanding 
of the impeller stream. The LDA technique described here 
provides the data set required to quantify the turbulence. The 
turbulent velocity field will be reported in a future article. 
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Notation 
D =  
N =  
P =  
Po = 

Re = 
u =  
v =  
r =  

r* = 
T =  
w =  
z =  

Q =  

t* z 

impeller diameter, m 
impeller speed, revolutions per second 
power input into the tank, W 
power number, P/pN2D5 
volumetric flow rate, m’/s 
Reynolds number, ND2/v  
velocity in rotating frame of reference, m/s 
velocity in fixed frame of reference, m/s 
radius of measurement point, m 
dimensionless radial coordinate, 2r/D 
tank diameter, m 
impeller blade width, m 
axial distance from impeller center plane, m 
dimensionless axial coordinate, 2z/W 

Greek letters 
= magnitude of deformation rate due to mean velocity gra- 

dients, s - ’  
A = rate of deformation tensor, s - ’  
t = energy dissipation rate, m2/s3 
0 = azimuthal position of measurement, (”) 
p = density, kg/m3 
v = kinematic viscosity, m2/s 

Subscripts 
r = radial direction 
0 = azimuthal direction 
z = axial direction 

TANK = average throughout tank 
TIP = impeller blade tip 

A = due to gradients of mean velocity 
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